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12. Pauli's exclusion principle

The Pouli exclusion principle states that

"two quentumperficles cannoteccupy the same

quantum state

In a traditional QM course this is said to

be a consequence of the anti-symaty of
the we are function, that is iftilt, its
then

Tr X., sie... I -- (r) =-YN(, , ..., Xi..,(r) =0

However, there is more that follows from anti-symely

of the ware function then the venishing on the dragond

set.

Am (Paruli's exclusion principle)
For any normalized wave function others,
we hare

0 = re."= 1 am L)

mrks

8) without the entirsymmets assumption, itmay
have an eigenvalue as large es N. J. foot
IfMNC...., x) =4G)...accl, lul=8(



then
OF =NIL dal Gut

Bose-Einstein ICondensation

8)
Recoll that if bait. - ON and Mr=un...nurs

then
⑨=leibuil

i=1

thus, A* ((R"), I =Zaidi,41: 1

=>fif) ==1.
roofof the

Note that
La, ter" as=<4r,Pule Tel= Inal

Indee

(r =()[(x) f(eg)r(y) by ox =

=NS (ixwcy) (x, ..., x),)de... dr

RRS =
j

S... jute...,x) acejcysy....... es
= J...)y(, ..., ()((x)a(y)4)y,a. . - (x)

+ S...Si C. ... (r) uCeci(g) (x, y, e, -, w)

..... J...SICK ...., ()u(q)i(y)y(...,xn,,y)
=N S ... S4 (y, x...,tr) 1995, r.--, (r) l) uy)=D



thus we need to
prove that

A = Cube1 on LCIR**)
j=1

Take on ON GurhE, for in such that life.

we claim that

A =E kie...minine ...wr
1=iiz.. -in

and the result then follows from the for thatsloter

determinant form on OND for LCDM). Jwoleed, for

every 1 is <rck... in we have

Acie.--edin =(Plssigned a... inte

=Es ein de .... Pr Rings with ... Kigersa
=>so signer wire it

.... ening, Virgil ... Kia al

=N(1 =4 i...., imb),signal wire .... Mars an
= Gebid... in

1 in

0 otherwise
#



the following result tells that the condition

028 =1 in Parali's exclusion principle is optimal.

Thm (Coleman 1963)-
-

Let I be a trace class operator on LG")

such that01821 on LC"), T- J
=NEN

Then there exists a mixed state for on Le (*),
namely a non-negative operator on LCON) with

Tr =1, such that itsoverbody density
metrixC =p.

Share in"=NTrzewN(
#

anks
·If I is a projection, namely fit, then it can
be chosento be a pure

state YN =14r)<prol
and or is a stater determ went

8)In general, it might notbe possible to choose

For to be a pure state.

E

In genera, one can also define higher order

reduced density metrices. For example, iffor is

a normalized were function in LeCA"), then the

two-body reduceddensity metric felt is



a trace class operator on Le CDwith bernal

We Cao;geigt=Ndrere ......or ...e
then for every tworbody operator W on (4) We

can write

<Yw, 2 Wij tr) =Tr (W fr").
12ijN

For general miced states

v=E? T*-
K-th reduced density motic

(k) (N - k)

Wir
=a: Tr F

In practice, these are much harder to use because

there is no complete characterization for ph1
reduced density matrices.

this is the so-calledN-representability problem:
how to recognize whether a given pth-order
reduced density matie is desirable from an

enti-symmetric propertilewere function (N-body state.



13. Ideal Fermi
gas

The Hamiltonion ofa non-interedng Fermi yes

is of the powe

Hr=hi on LCR**).

Thm
-Assume the overbody Hamiltonian be has

of least N negative eigenvales. 21 ... ens

then the ground state energy oftwo is

N- 1

EN =I ej.
j
=
0

-
Proof
Recall that
<Y. Eherl= Tr (ng(
all

is positive and trace class, thereSince Jim
exis Or bail such that

re=Itill(uil, 2ti=N, diso.
We obtain

To Chris -indice,hait=

-inf srichwill=end... ea



For an upper bound we consider the stater

determinant

Yo =een...ever, where sei's are

eiganfunctions corresponding to the energies to....,Cpn
We have

Er LunartheamendTach jam

-Tr (h2(ai)(ul) =inil-er
E

emple-beon icing

Then
Er =- NY's +0(r) as Neo

Indeed, we know thatthe spectrum of it is

of the form - with multiplicity be...

Because of degenemory!
N =1+2+ --- +M2 +M1, 0Sr<?

Then

EN

using:ateamitwithin
=>Er = -N +oll(rto



14. Kinetic LT inequality for antisymmetric fats

Recoll the kindic LI inequality:
IndeMarn=1

IR

Proposition
One has

SeeNOISE in lastar
112

FOLVEI(IN) and (8) -ON cen's.

Pet:write M:=Hulle and observe that

Ein IDun12 =g Z laclot
~ I

llagen cole withdiscrete mesure). For each

fixed 520 we have

2 nau.I plate lastde
UnI

and consequently

Z ur name? Edunt)it dx
n

We now have by Holder's inquality



M(Unlunk)=pi(Ernst aut

- yatra Iwent
where I +5 =1

=1 =1- =

=>(n) =a ==mm(n)=1

-Cl)= uelans)
E

follows,o be a trace class spend on wille

then one has

<Tr (-e(8) l5K ke socar

Here we use the affinition to reby= Eu Ixeill
and fr = 119, for

=,zu,leitceit
E



We immediately recognize the crucial role of
me antisymmety ofup or rather the bound

182 =1.

Indeed, recall the bosonic) Honkee State

↑r (x, .. , N) =
be (x).--uCarb

theLew= NK) <ul one IIWrllN

=>(Trcsy)?i*Kesson ar
which becomes obvious for N-00.


